Abstract-This paper addresses the optimal channel quantization codebook design for limited feedback multiple-antenna multiuser channels. The base station is equipped with M antennas and serves M single-antenna users, which share a total feedback rate B. We assume real space channels for convenience; the extension of the analysis to complex space is straightforward. The codebook optimization problem is cast in form of minimizing the average downlink transmission power subject to the users' outage probability constraints. This paper adopts a product codebook structure for channel quantization comprising a uniform (in dB) channel magnitude quantization codebook and a spatially uniform channel direction quantization codebook. We first formulate a robust power control problem that minimizes the sum power subject to the worst-case SINR constraints over the channel quantization regions. By using an upper bound solution to this problem, we then optimize the quantization codebooks given the target outage probabilities and the target SINR's. In the asymptotic regime of B -+ 00, the optimal number of channel direction quantization bits is shown to be M -1 times the number of channel magnitude quantization bits. It is further shown that the users with higher requested QoS (lower target outage probabilities) and higher requested downlink rates (higher target SINR's) should receive larger shares of the feedback rate. The paper also shows that, for the target parameters to be feasible, the total feedback bandwidth should scale logarithmically with 1, the geometric mean of the target SINR values, and 1/ij, the geometric mean of the inverse target outage probabilities. Moreover, the minimum required feedback rate increases if the users' target parameters deviate from the average parameters 1 and ij. Finally, we show that, as B increases, the multiuser system performance approaches the performance B of the perfect channel state information system as 1/ij . 2-M2 •
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The multiple-antenna multiuser system with imperfect CSI at the transmitter is a well investigated topic in the literature [1] [2] [3] [4] [5] . In order to preserve the multiplexing gain of the sum rate, the author of [2] shows that the feedback rate should scale linearly with the SNR (in dB). [3] show that one needs the channel magnitude information in addition to the quantized channel direction information in order to realize the multiuser diversity gain of the sum rate in a large network of users. The magnitude information, however, is assumed to be perfect in [3] . The joint scheduling and beamforming problem with a total feedback rate constraint across users is studied by [4] . Finally, the authors of [5] study the throughput optimization problem considering both training and CSI feedback overheads.
A majority of the literature in the area of multiuser feedback design considers the sum rate as the performance metric and, for tractability reasons, does not allow power adaptation over time and across the users. In practical systems, however, temporal and spatial power adaptation are essential as the users request instantaneous downlink data rates with specific QoS constraints. Therefore, the base station needs not only the channel direction information for spatial identification of the users, but also the channel magnitude information for power control and/or rate control. It is therefore necessary to study the joint direction and magnitude quantization codebook design and optimization.
To address this problem, we formulate the system design problem as minimization of the average sum power subject to the outage probability constraints at the users' side. Such formulation is appropriate for fixed-rate delay-sensitive type of traffic. This paper adopts a product codebook structure comprising a spatially uniform direction quantization codebook and a uniform (in dB) channel magnitude quantization codebook; the asymptotic optimality of such uniform (in dB) magnitude codebooks is shown in [6] . The product structure has several practical advantages [7] and it is shown to be a sufficient structure for effective interference management in the multiuser systems [8] .
Assuming zero-forcing beamforming vectors, this paper starts by formulating the robust power control problem subject to the worst-case SINR constraints over the sector-type quantization regions imposed by the product quantization structure. Using an upper bound solution to this problem, we then study the optimization of the quantization codebooks for the given target SINR's and outage probabilities. The analysis is asymptotic in the total feedback rate. We show that 1) The optimal number of direction quantization bits is M -1 times the number of magnitude quantization bits, where M is the number of base station antennas. S(R , r , U, ¢) = {h E ]RMI vr : : :
The optimization of the multiuser spatial multiplexing system with quantized channel information is a two-fold problem: I) optimizing the power control and beamforming functions for fixed quantization codebooks; 2) optimization of the quantization codebooks. In this section we study the first problem; the codebook optimization will be discussed later.
For product quantization codebooks that are considered in this paper, the quantization (or channel uncertainty) regions are the sector-type regions shown in Fig. I 2) The share of the kth user from the total feedback bandwidth is controlled by log "Ik and log 1I qk, where "Ik and qk are the user 's target SINR and outage probability. As a general rule, a user with a higher QoS (lower target outage probability) and higher target rate (higher target SINR) needs a higher channel quantization resolution and therefore requires a larger share of the total feedback rate.
3) For the outage probability constraints to be feasible, the total feedback bandwidth should scale with log l' and log 1I ii, where l' and ii are the geometric means of the target SINR's and target outage probabilities. Moreover, the minimum required feedback rate increases if the users ' target parameters deviate from the average parameters l' and ii, i.e. there is a feedback rate penalty for serving users with different target parameters. The higher the deviation, the higher is the penalty. 4) As the total feedback rate B increases, the performance of the limited CSI system approaches the performance B of the perfect CSI system as~. T~.
The proofs of the theorems in this paper are omitted due to the space limits . Also, all the computations in the paper are for the real space. Extension of the results to the complex space is straightforward.
II . PERFECT CSI SYSTEM: OUTAGE IS INEVITABLE
This section provides a quick review of spatial multiplexing system and shows that outage is inevitable even with perfect CSI at the base station. The discussions are adopted from [8] .
Consider a multiuser downlink channel with M antennas at the base station and M users each with a single antenna. Let
hk E ]RM, v» E ]RM, Pk, and "Ik denote respectively, the user channel, the beamforming vector, the allocated power, and the target SINR for the kth user, 1 :::; k :::; M. The minimization of the transmission sum power subject the user SINR constraints is formulated as follows:
where the receiver noise power is assumed to be 1 for all users .
A suboptimal solution for problem (1) is to use zero-forcing (ZF) beamforming vectors v» to eliminate the interference and find the power values Pk that satisfy the constraints with equality. This solution is asymptotically optimal in the high SNR regime. An important matter to consider with this solution is that the transmission powers need to be very high when the users ' channels are closely aligned, as the ZF beamforming vectors would be almost perpendicular to the corresponding channels in such cases. Therefore, it is not possible to always satisfy the SINR constraints with a bounded average power and, as a result, a certain degree of outage should be tolerated by the users .
(4)
For small values of uncertainty angles cPk, this is equivalent to~s in Ok "f/k<---;::::====
+ J(M -l)'1k
Since we are interested in computing the expected value of the sum power, we use the following approximation for the sum-power upper bound so that the expectation operation can be conveniently applied:
For a given total number of quantization (feedback) bits B,
target SINR values '1k, and target outage probabilities qk, the quantization codebook optimization problem is formulated as follows:
where
rk rk
The assumption of cPk « 1 is justified in Section V.B.
In the following sections, we use the sufficient condition (9) and the sum-power upper bound approximation (10) to optimize the channel quantization codebook.
IV. QUANTIZATION CODEBOOK OPTIMIZATION: THE GENERAL FORM
In this section, we present the codebook optimization problem in its general form. To clarify the arguments, we start by some basic definitions.
By a quantization codebook C={S(I), S (2) 
The metho used above for deriving the upper bound (7) is similarly used by [8] for spherical channel uncertainty regions instead of sector-type regions.
By guaranteeing L~l ak<l in (7), one can prove the following sufficient feasibility condition for the original problem in (4). 
Z#k
The beamforming vectors vi; are assumed to be the zeroforcing vectors for the quantized directions Uk and the optimization is only over the power control functions. This problem can be transformed to a SDP problem and therefore efficiently solved. The SDP reformulation is omitted due to the space limits. In order to obtain a closed-form answer for the sum power, we resort to a suboptimal solution that leads to an upper bound on the sum power. This bound is used in the later sections for the optimization of the quantization codebooks. A byproduct of this upper bound solution is a sufficient feasibility condition for the original problem in (4). Z#k Z#k
where Vi = w/llwll in (5). The equality (a) holds since the SINR term is monotonic in Ilwll, i.e. the minimum occurs on the smaller hypersphere in Fig. 1 . The equality (b) is a direct result of the definitions of Ok, Si; and the fact that Vk'S are the zero-forcing directions for Uk'S. Now, by setting the last term in (6) to be equal to '1k, one achieves a set of linear equations in Pk'S and by solving these equations we have the following upper bound for the sum power:
V. CHANNEL MAGNITUDE AND DIRECTION

QUANTIZATION
This section describes the product codebook structure and explicitly specifies the outage regions. For a given target outage probability q, the magnitude and direction outage regions are defined in a way that q = q+ ii, where q and ii are respectively referred to as magnitude and direction outage probabilities. [6] , is a function that depends on the probability distribution function of Yk and has the property
A. Channel Magnitude Quantization
B. Channel Direction Quantization
For channel direction quantization, we use M -dimensional Grassmannian codebooks 10k for users l::;k::;M: 
where Fk"l(.) is the inverse cdf of Yk~Ilhkl12. The following definitions are used in describing the product codebook structure.
Define c; as the set of all quantization intervals except the outage interval: The ultimate goal of this paper is to optimize the magnitude and direction quantization codebooks such that the average sum power is minimized. For this purpose, as it will be clarified in Section VI, we use the expectation of the upper bound in Theorem 2 as the average sum-power upper bound. According to (11), the average terms IE [ It is shown in [6] that, in the asymptotic regime where Nk -+ 00, the optimal magnitude levels in Y form a geometric sequence, i.e, the asymptotically optimal levels are uniformly spaced in dB scale. As it is shown in [6] , this optimality is not affected by the channel magnitude distribution as long as some regularity conditions are satisfied. Moreover, assuming Nk » 1, we have the following for such an optimal codebook Y:
Pk(S(H))
and k = 1,2,··· , M.
Note that this formulation returns Pk(S(H))=O if user k is in
outage, i.e, Ik = o.
The robust formulation in (13), although still intractable, reveals two main sources of outage:
• Magnitude outage: If the quantization region Sk(hk)
includes the zero vector w = 0, the constraint will not be feasible for user k and the user will be in outage.
• Direction outage: Assume that there exists a vector Wi E S, (hi) such that w j = CWi E Sj (hj ) for some arbitrary constant Cand distinct users i =1= j. It is easy to verify that the SINR constraints Pilwtvil2/Pjlwtvjl2 > 1i and PjlwJvjl2/PilwJVil 2 > 1j cannot coexist if j..w, > 1. Therefore, the users will also be in outage if their quantization regions are in near alignment with each other. To present a tractable solution to the problem in (13), we resort to the product codebook structures as described in the next section. 
where I (.) is the logic true function. Finally, the outage probability of user k is given by (16) and (22), we achieve the following upper bound: •
size. The direction quantization regions are formed by mapping each channel vector hk to a vector Uk(hk) E Uk that has the smallest angle with hk:
We refer to Uk(hk) as the quantized direction for the channel realization hk. The corresponding quantization regions, according to the Gilbert-Varshamov bound argument [9] , can be covered by the following spherical caps:
For all other no-outage cases, i.e, ()k 2: ()k' all the SINR constraints should be feasible. By using the sufficient feasibility condition in (9) and noting that user k is not aware of
8k is the minimum chordal distance of Uk. This covering (enlargement) of the regions increases the required transmission power, which is in the direction of our analysis of deriving sum-power upper bounds. In order to use the results in Section III, we define ¢k, which are referred to as uncertainty angles in Section III, as follows:
To address the direction outage, we assume that the beamforming vectors are the zero-forcing vectors for the quantized directions Uk=U(hk). We say that user k is in direction outage We will need the following bound in optimizing the product codebook structure in Section VI. function. Proof Proof is based on the Hamming bound as in [9] .
• By combining (20) and Lemma 1, we have the following for small ¢k and large enough Nk:
division of qk between qk and ilk only affects the optimal Bk and Bk by a fixed bounded number of bits, i.e, the variable 1] in equations (31) and (32).
By minimizing (30) subject to Lk Bk+Bk = B we have the following result:
.
. Corollary 1: For each user k, the optimal number of magnitude and direction quantization bits are related as follows:
(
35) qk
In the asymptotic regime of B -+ 00, the number of direction quantization bits Bk is therefore M -1 times the number of magnitude quantization bits Bk. Moreover, the total number of quantization bits for user k is given by
B+Mlog~+ (2M-I) log if., (36) '1 qk which shows that the kth user's share of the total feedback rate is controlled by log'1k and log 1I qk.
By forcing the optimal values of Nk = 2 Bk to satisfy the sufficient (no-outage) constraint in (25), we achieve the following minimum required total feedback rate B: This paper studies the channel quantization codebook optimization for multiuser spatial multiplexing system with M antennas at the base station and a total feedback rate B. It is shown that in the asymptotic regime of B -+ 00, the optimal number of direction quantization bits is M -1 times the number of magnitude quantization bits. As a general rule, a user with a higher QoS (lower target outage probability) and higher target rate (higher target SINR) needs a higher channel quantization resolution. The paper also shows that the total required feedback rate increases logarithmically with the geometric mean of the target SINR's 1 and the geometric mean of the inverse outage probabilities 1I if. The more the users' target parameters deviate from the mean parameters 1 and if, the more is the required feedback. The paper also derives the scaling of the system performance with the feedback rate.
